It is developed the considerations from S. M. Minčić, [14, 15] about curvature tensors and pseudotensors for a non-symmetric affine connection space in this paper. How many kinds of covariant derivatives are enough to be defined for complete researching in the field of non-symmetric affine connection spaces is examined here. This result is interpreted. After that, we searched how many curvature tensors and pseudotensors of a non-symmetric affine connection space are linearly independent. In the next, it is examined is it possible to express all curvature tensors as the linear combinations of the pseudotensors. At the end of this paper, we considered these results for possible applications in physics.
Introduction
An N -dimensional manifold M N equipped with an affine connection ∇ (with torsion) is called the generalized affine connection space GA N see [5, 14, 15] . The affine connection coefficients of the affine connection ∇ are L i jk and they are non-symmetric by indices j and k. The symmetric and anti-symmetric parts of the coefficients L i jk are:
The symmetric parts L i jk is the affine connection coefficients of some symmetric affine connection 0 ∇ because it satisfies the corresponding transformation rule [10] [11] [12] [13] 18] . The affine connection space A N equipped with affine connection whose coefficients are L i jk is the associated space(of the space GA N ).
Symmetric affine connection space
As we said above, the N -dimensional manifold M N equipped with an affine connection 0 ∇ without torsion is the symmetric affine connection space A N (see [10] [11] [12] [13] 18] ). One kind of covariant differentiation with regard to the affine connection 0 ∇ does exist:
In the last equation, the object a i j is a tensor of the type (1, 1) and the partial derivative ∂/∂x k is denoted by comma.
It is founded one Ricci-type identity with regard to the affine connection 0 ∇. Hence, it exists one curvature tensor of the space A N :
Many authors have developed the theory of symmetric affine connection spaces. Some of them are J. Mikeš and his research group [10] [11] [12] [13] , I. Hinterleinter [12, 13] , N. S. Sinyukov [18] and many others.
Non-symmetric affine connection space
An N -dimensional manifold equipped with an affine connection ∇ with torsion is the nonsymmetric affine connection space GA N . Unlike in the case of affine connections without torsion, there are defined four kinds of covariant derivatives [14] [15] [16] :
(1.4)
With respect to these kinds of covariant derivatives, it is obtained four curvature tensors, eight derived curvature tensors and fifteen curvature pseudotensors [14, 15] of the space GA N . It is proved the following [15] :
1. In the set of twelve curvature tensors of the space GA N with non-symmetric affine connection ∇, there are five independent ones, while the rest can be expressed in terms of these five tensors and the curvature tensor of the associated space.
2. All fifteen curvature pseudotensors are given in the terms of five of them, five curvature tensors of the space GA N and the curvature tensor of the associated space A N .
Generalized Riemannian space
Special kind of affine connection spaces with torsion are the generalized Riemannian spaces GR N , i.e. the manifolds M N equipped with the non-symmetric metric tensor g ij .
The symmetric and anti-symmetric part of the tensor g ij are
(1.5)
We assume that the matrix g ij N ×N is non-singular. The contravariant symmetric metric tensor g ij is obtained by the inverting of the matrix g ij . Hence, it holds g iα g jα = δ i j , for the Kronecker delta-symbol δ.
The affine connection coefficients of the space GR N are the generalized Christoffel symbols
The symmetric part of the coefficient Γ i jk , Γ i jk = 1 2 Γ i jk +Γ i kj , is the corresponding Christoffel symbol. The anti-symmetric part of this symbol, Γ i
(1.7)
Motivation
A. Einstein [2] [3] [4] was the first who noticed and applied the importance of a non-symmetric affine connection and applied it in his research about the Unified Field Theory. With regard to Einstein's work, the symmetric parts L i jk of the affine connection coefficients refer to gravity but the anti-symmetric parts L i jk ∨ are important for researching in the theory of electromagnetism.
F. Graiff [8] was one of scientists who continued to study the geometry of Einstein's theory. S. Ivanov and M. Lj. Zlatanović [9] also contributed to the theory of differential geometry motivated by Einstein's work.
Motivated by the Einstein's considerations [2] [3] [4] and Eisenhart's results [5] [6] [7] , it is started the research about non-symmetric affine connection spaces [14] [15] [16] . Many authors have developed the results presented in the last three cites. Some of them are S. M. Minčić in [20] and many other articles, M. Lj. Zlatanović [1, 19, 20] , M. D. Cvetković [1] , M. Z. Petrović [20] and many others. In all of these contributions, it were used the definitions of covariant derivatives and the results about linearly independent curvatures as in [14, 15] . We are aimed to point to excessive definitions in the papers [14] [15] [16] . After that, we will complete the existing conclusions about the linearly independent curvatures and pseudocurvatures of the space GA N .
The main purposes of this research are:
a. To examine how many covariant derivatives of the covariant derivatives (1.2, 1.4) may be expressed as the linear combinations of the rest ones, b. To obtain how many of curvature tensors and pseudotensors of the space GA N are linearly independent, c. To find linearly independent curvature tensors and pseudotensors of the space GA N which describe all of the obtained ones [14, 15] , d. To start an application of the previous results in cosmology. 
Based on the equations (2.1 -2.10), we conclude that any two kinds of covariant derivatives (1.2, 1.4) may be expressed as the linear combinations of the other three ones. In other words, the covariant derivative (1.2) and the covariant derivative (1.4) of the first kind are expressed as the linear combinations (2.2) and (2.4) of the covariant derivatives (1.4) of the second, third and fourth type and similarly for other pairs of the kinds of covariant derivatives.
For this reason, any three kinds of covariant derivatives whose corresponding linear combinations express the rest two kinds of covariant derivatives will be called the linearly independent (kinds of) covariant derivatives.
Therefore, it holds the following theorem:
, there are three linearly independent ones.
Corollary 2.1. All triples of linearly independent covariant derivatives (1.2, 1.4) are
The covariant derivatives (1.2, 1.4) generate the vector space of the dimension 3.
If the covariant derivatives (1.2, 1.4) are defined on a space of covariant/contravariant tensors, the third and the fourth kind of covariant derivative (1.4) will coincide with the first and the second one. ..jq to the corresponding hyperplanes. Because three of these covariant derivatives are linearly independent, we conclude that the tensor X i 1 ...ip j 1 ...jq is generated by three orthogonal projections. Physically, that means that the matter-space is uniquely generated by three dimensions. All other possible dimensions of this space do not affect to the position.
Linearly independent curvature tensors
From the mixed Ricci-type identities a i
, it is obtained four curvature tensors and eight derived curvature tensors (M. Prvanović [16] and S. M. Minčić [14, 15] ). These curvature tensors are correlated with the curvature tensor (1.3) as
With respect to the equations (1.1, 1.3), we get
14)
Because L i jk = L i kj in general, the geometrical objects A, A ′ , B, B ′ , C are not identically equal 0 and the geometrical objects
jα are linearly independent in general. For this reason, any of the geometrical objects A, A ′ , B, B ′ , C is uniquely expressed as the corresponding linear combination of the geometric objects Hence, the curvature tensors (3.1-3.4) and the derived curvature tensors (3.5-3.12) are uniquely represented in the corresponding forms 20) for p = 1, . . . , 4, q = 1, . . . , 8, and the corresponding real constants a
The rank of the matrix Remark 3.1. The results in this subject obtained in [14, 15] are not wrong. They are just stayed inconclusive. Namely, we proved that the curvature tensors (3.1-3.6) are linearly independent. But linearly independent are also the curvature tensors (1.3, 3.1-3.4, 3.6) . The authors who have studied the curvature tensors (3.1-3.4, 3.6 ) just complement the studies about the theory of symmetric affine connection spaces.
4 Linearly independent curvature pseudotensors from [14, 15] Similarly as the curvature tensors (3.1-3.12), from the combined Ricci-type identities a i j | 
1)
2)
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Analogously as in the previous section, we obtain that the geometrical objects R,
Hence, any of the curvature pseudotensors (4.1-4.15) may be uniquely expressed in the form 
Curvature pseudotensors and curvature tensors
It is well-known that sums of tensors are tensors but sums of parameters may be both tensors or parameters. In this section, we will obtain which of the curvature tensors (1.3, 3.1 -3.4, 3 .5 -3.12) are linearly independent of the curvature pseudotensors (4.1 -4.15) .
In the previous section, we obtained that there are nine linearly independent curvature pseudotensors of the space GA N . Let us prove the following theorem:
Theorem 5.1. In the space of curvature tensors and curvature pseudotensors of a non-symmetric affine connection space, there are eleven linearly independent geometrical objects.
Proof. With respect to the equations (3.1 -3.12) and (4.1 -4.15) as well, the curvature tensors and the curvature pseudotensors of the space GA N are expressed as the linear combinations of the curvature tensor R i jmn of the associated space A N , the geometrical objects A, A ′ , B, B ′ , C given after the equation (3.12) and the compositions
Moreover, all of the above mentioned geometrical objects whose linear combinations are the curvature tensors and the curvature pseudotensors of the space GA N are expressed as the linear combinations of the next geometrical objects see the equations (3.13 -3.18, 4.16 -4.20) :
In other words, we obtain that the curvature tensors and the curvature pseudotensors of the space GA N are elements of the family
for the real coefficients c 1 , . . . , c 16 .
Let the real coefficients c These linearly independent geometrical objects form an 11-dimensional space TP N .
Corollary 5.2. Let us consider the following spaces: The space TP N from the previous corollary may be expressed as
An element ρ i jmn = ρ i jmn (p), p ∈ {2, . . . , 6}, from the space TP N (p) is uniquely expressed as
The geometrical object τ i jmn (p) ∈ T N (p) is the curvature part but the element π i jmn (11 − p) ∈ P N (11 − p) is the pseudocurvature part of the geometrical object ρ i jmn . Because p ≥ 2, all curvature tensors (3.1-3.12) cannot be expressed as linear combinations of the curvature pseudotensors (4.1-4.15). An expression such that is impossible for the curvature tensors R 
Lagrangian: Introduction to applications in cosmology
The Bianchi Type II cosmological model is generated by the equation
We will consider the equivalent form of this equation:
Let us consider the spacetime GR 4 equipped with the metric tensor g ij :
The variables which generate this space are the time-coordinate x 0 = t and the space coordinates x 1 , x 2 , x 3 .
The symmetric and the anti-symmetric part of this tensor are
We assume that the space R 4 is non-singular, i.e.
The contravariant symmetric metric tensor g ij is
The Christoffel symbols of the second kind for the space R 4 are: The term L M describes any matter field in the theory. In the case of L M = 0 and based on the given s 1 (t), s 2 (t), s 3 (t), s(t), any L M = 0 generates two non-symmetric metrics. The components c 1 (t) and c 2 (t) of these metrics are c1,2(t) = ± 1 √ C LM · s(t) 2 s2(t) + σ(t) − s(t) x (6.20)
Conclusion
We proved that it is enough to define three types of covariant derivatives for complete researches in the subject of affine connection spaces.
After that, six linearly independent curvature tensors and nine linearly independent curvature pseudotensors of the space GA N are obtained. In the set of all curvature tensors and pseudotensors searched in [14, 15] , there are eleven linearly independent objects.
At the end of this paper, it is factored the set of curvature tensors and curvature pseudotensors of the space GA N onto two parts. The obtained factorizations prove that all curvature tensors of the space GA N cannot be obtained as the corresponding linear combinations of the curvature pseudotensors of this space.
At the end of this paper, we started the application of the curvature tensors and pseudotensors in cosmology. We obtained the corresponding lagrangian. In the discussion, we concluded that this lagrangian generates two generalized Riemannian spaces.
Our next purpose is to examine how many linearly independent curvature tensors and curvature pseudotensors of the space GA N may be obtained. Because we obtained the linearly independent covariant derivatives, this future research will complete the research about curvatures of the space GA N . In physics, we are interested to continue the analysis of the spaces generated by the lagrangian L M from the equation (6.19) . In this analysis, we will obtain the pressure, the density and the corresponding state parameter.
